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Abstract. In this article we study harmonic functions for the Laplace-Beltrami operator on the 
real hyperbolic space B^. We obtain necessary and sufficient conditions for this functions and their 
normal derivatives to have a boundary distribution. In doing so, we put forward different behaviors 

QQ ' of hyperbolic harmonic functions according to the parity of the dimension of the hyperbolic ball 

Bn. We then study Hardy spaces HP{Mn), < p < oo, whose elements appear as the hyperbolic 
harmonic extensions of distributions belonging to the Hardy spaces of the sphere /f (S"~^). In 

■^^ ' particular, we obtain an atomic decomposition of this spaces. 

o 

■3 

C^ • 1. Introduction 

In this article, we study boundary behavior of harmonic functions on the real hyperbolic ball, partly 
in view of establishing a theory of Hardy and Hardy-Sobolev spaces of such functions. 

While studying Hardy spaces of Euclidean harmonic functions on the unit ball B„ of M", one is 
Pt ■ often lead to consider estimates of this functions on balls with radius smaller than the distance of 

the center of the ball to the boundary S""-'^ of B„. Thus hyperbolic geometry is implicitly used for 
f~^ . the study of Euclidean harmonic functions, in particular when one considers boundary behavior. As 

^S| ' Hardy spaces of Euclidean harmonic functions are the spaces of Euclidean harmonic extensions of 

^D i distributions in the Hardy spaces on the sphere, it is tempting to study these last spaces directly 

O^ ' through their hyperbolic harmonic extension. 

i^ . The other origin of this paper is the study of Hardy and Hardy-Sobolev spaces of A^-harmonic 

rS^ ' functions related to the complex hyperbolic metric on the unit ball, as exposed in ^ and ||]. Our 

j^ , aim is to develop a similar theory in the case of the real hyperbolic ball. In the sequel, n will be an 

integer, n > 3 and p a real number, < p < oo. 

Let SO{n,l) be the Lorenz group. It is well known that 50(71., 1) acts conformly on B„. The 
corresponding Laplace-Beltrami operator, invariant for the considered action, is given by 

^; D^il-\xffA + 2in-2)il-\xf)N 

with A the Euclidean laplacian and N — X]"=i^iai~ the normal derivation operator. Functions u 
that are harmonic for this laplacian will be called 7i-harmonic. The "hyperbolic" Poisson kernel that 
solves the Dirichlet problem for D is defined for x G B„ and ^ e S"~^ by 

(2 \ "~^ 
5—^ I ■ 
l + \x\^^2<x,^>J 

With help of this kernel, one can extend distributions on §"^^ to 7Y-harmonic functions on B„ in 
the same way as the Euclidean Poisson kernel extends distributions on Ei"~^ to Euclidean harmonic 
functions on B„. Our first concern is to determine which 7i-harmonic functions are obtained in this 
way. We then study the boundary behavior of their normal derivatives. In doing so, we put forward 



(N 



1991 Mathematics Subject Classification. 48A85, 58G35. 

Key words and phrases, real hyperbolic ball, harmonic functions, boundary values, Hardy spaces, atomic 
decomposition. 

^Most of the results in this paper are part of my Ph.D. thesis "Trois problemes d'analyse harmonique" written at 
the University of Orleans under the direction of Aline Bonami, to whom I wish to express my sincere gratitude. I also 
want to thank Sandrine Grellier for valuable conversations. 



2 PHILIPPE JAMING^ 

that, in odd dimension, normal derivatives of 7i-harmonic functions behave similarly to A^-harmonic 
functions whereas they behave like Euclidean harmonic functions in even dimension. 

Finally, define HP(E>"~^) as Lp(§"~^) if 1 < p < oo and as the real analog of Garnett-Latter's 
atomic Rp space if p < 1. Let HP(Mn) be the space of Euclidean harmonic functions B„ such that 
C 1-^ suPq^^^j |u(rC)| S LP(S"~^). Garnett-Latter's theorem asserts that this space is the space of 
Euclidean harmonic extensions of distributions in i/P(S"~^). We prove here that the space 7i^(B„) 
of 7i-harmonic functions such that ( i-^ supo<r<i l''^(^C)l G L^(§"~^) is the space of 7i-harmonic 
extensions of distributions in H'P{S"~^). 

This article is organized as follows : in section 2 we present the setting of the problem and a few 
preliminary results. Section 3 is devoted to the study of boundary behavior of 7i-harmonic functions 
and concludes with the study of the behavior of their normal derivatives. We conclude in section 4 
with the atomic decomposition theorem. 

2. Setting 

2.1. SO{n, 1) and its action on B„. Let SO{n, 1) C GL„+i(M), {n > 3) be the identity component 
of the group of matrices g — {gij)o<i.j<n such that 500 ^ Ij detg — 1 and that leaves invariant the 
quadratic form —Xq + xI + ...+x'^. 

Let |.| be the Euchdean norm on M", B„ = {x e R" : \x\ < 1} and §"-1 = dM„ = {a; G R" : 
|x| = 1}. It is well known (c/. [|l^) that SO{n, 1) acts conformaly on B„. The action is given by 
y = g.x with 



i+kr 



.9po + ELi 9pixi 



yp = iH^i- ^ i+bi- — -^^ ^"^ ^ ^ 

— r^ H ^500 + 2^1=1 goixi 



The invariant measure on B„ is given by 

dx 



d/z 



(1-|:e|')"-i (l-r2)»-i 

where dx is the Lebesgue measure on B„ and da is the surface measure on §"~^. 
We will need the following fact about this action (see Q): 
Fact 1 Let g e SO{n, 1) and let xo = g.O- If < e < i, then 

B{xo, ^(1 - |xo|')e) C g.B{0, e) c B{xo,6{1 - \xo\^)e). 

2.2. The invariant laplacian on B„ and the associated Poisson kernel. From |1^ we know 
that the invariant laplacian on B„ for the considered action can be written as 

D={1- r^A + 2{n - 2)(1 - r^) V x~ 

'-^ axi 

i—l 

where r = \x\ — {xl + . . . + x^iY^"^ and A is the Euclidean laplacian A ~ Y^^=i 'b;;^- 
Note that D is given in radial-tangential coordinates by 

D = i^ [(1 - r2)Af2 + („ _ 2)(1 + r2)Af + (1 - r^)A„] 
with A^ = r-^ = Y17=i ^i'Sr ^^^"^ ^°" ^^^ tangential part of the Euclidean laplacian. 



^71- 



Definition A function u on B„ is H-harmonic if Du ^ on 

The Poisson kernel that solves the Dirichlct problem associated to D is 
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Mrr],0 = 



1 2 \ "~1 

1 - r^ 



1 + r^ -2r <T],^ > 

for < r < 1, ry, ^ e S"-^ i.e. for r-q £ B„ and ^ e §""^ 

Recall that the Euclidean Poisson kernel on the ball is given by 

Pe(r77,C) = ,, ^ , V!^ ^^A^ 
(1 + r^ — 2r < 77,^ >J2 

Notation : For a distribution (p on S"^"'", we define Ve[f] : B„ i-^ R and Fh[f] : B„ 1-^ R by 

FeifKrv) = < (p,Pe{rv,-) > 
Fh[ip]{ri]) ^ < ip,Fh{ri],.) > 

Pe[(/5] is the Poisson integral of (/?, and P/i['p] will be called the Ti-Poisson integral of ip. 

Finally, ?i-harmonic functions satisfy mean value equalities : let a E B„ and g E SO{n, 1) such 
that g.O = a. Then, for every Ti-harmonic function u, 

"("') = /p/n ^^ / u{x)dn{x). 

fi{B{0,r)) Jg.B{a,r) 

Thus, with fact 1 and da = -jz — rT^rrr-r, we see that 

Ha)\< ^ f \uix)\dx (2.1) 

(1 - |ar)" Ji3(a,6(l-|ap)£) 

2.3. Expansion of TY-harmonic functions in spherical harmonics. 

Notation : For a G R, write {a)k — w ■. thus (a)o — 1 and {a)k ~ a{a + 1) . . . (a + fc — 1) if 
fc = 1, 2, . . . . For a, 6, c three real parameters, 2F1 denotes Gauss' hyper-geometric function defined by 

Let Fi{x) = 2Fi{l, 1 - f , Z + f ; a;) and //(x) = §^. (See |] for properties of 2F1). 



Remark : If n > 2 is even, 1 — ^ is a negative integer thus 2Fi{l, 1 ^ f i ^ + f j ^^) is a polynomial in r 
of degree n. 

In |10|, mV and iQ, the spherical harmonic expansion of 7i-harmonic functions has been obtained. 
An other proof based on can be found in Q . We have the following : 



Theorem 1 Let u be an H-harnionic function of class C^ on B„. Then the spherical harmonic 
expansion of u is given by 

u{rC)=J2Pii^')MrO, 
I 

where this series is absolutely convergent and uniformly convergent on every compact subset of B„. 

.n-n .u. r^.-...-„u,„. ^...u,.^ f Du^O inB„ 



Moreover if lo g C(§" ), the Dirichlet problem < ^r,-! has a unique solution 

^ \ /' -f- y u = if onb 

u e C(B„) given by 
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u{z) = / ^iOniz, C)rfa(C) = PhMz) 
also given by 

I 
where ip = ^j ipi is the spherical harmonic expansion of (p. 

3. Boundary values of H-harmonic functions 

In this chapter we prove results about the behavior on the boundary of TL-harmonic functions 
and their normal derivatives. For Ti-harmonic functions, the results are similar to the results for 
Euclidean harmonic functions. On the opposite, for the normal derivatives of Ti-harmonic functions, 
the boundary behavior depends on the dimension of the space. 

3.1. Definition of Hardy spaces. 

Notation : For u a function defined on B„, define the radial maximal function A4[u] : §"^^ i— > M4- by 

M[u]{C) = sup \uitC)\. 

0<t<l 

We will now study H^ spaces of H-harmonic functions defined as follows : 



Definition Let < p < 00. Let TL^ be the space of Ti-harmonic functions u such that A4[u] G 
LP(§"~i), endowed with the "norm" 



l-HP — I1-^"IIlp(S"-i) 



sup \u{t.)\ 

0<t<l 



LP(S"-i) 



We will call Ti'^ the Hardy space of Ti-harmonic functions. 



Remark : If < p < 1, the application u i-^ \\u\\-j^p is not a norm, however the application u,w i~-> 
||m — ujl^p defines a metric on Ti^ . In the sequel, we will often use the abuse of language to call ||.||^p 
a norm whatever p might be. 



Definition A function u on B„ is said to have a distribution boundary value if for every $ £ C°° (S" ^ ), 
the limit 



hm / u{rCMC)da{C) 
exists. In case u is Ti-harmonic, this is equivalent to the existence of a distribution f such that 

3.2. Boundary distributions of functions in Ti^. In this section, we are going to characterize 
boundary values of functions in Ti^. The characterizations we obtain are similar to those obtained for 
harmonic functions on M"^^ or for Al-harmonic functions. The proofs are inspired by |1| and H. 
The first result concerns functions in Ti^, p > 1. 



Proposition 2 Let u be an Ti-harmonic function. 
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1. If I < p < oo, then 

sup / \u{rC)fda{C) < +00 

0<r<l JS"-i 

if and only if there exists f G LP{S"-^) such that u = P/J/]. 

2. Forp= 1, 

sup / \u{r()\da{Q < +00 

0<r<l JS"-1 

if and only if there exists a measure /i on §"^^ such that u = P/J/i]. 
Proof. Assume that u = ¥h[f] with / e LP(§"-1). As 

I|P/.K,-)IIli(S"-i) = i> 

Holder's inequahty gives 

KrC)r</ F,K,OI/(OR^(e)= / F,(C,re)|/(e)rda(e) 

an integration in C and Fubini leads to the desired result. 

Conversely, if the L^(S"~^) norms of C i-^ u{rQ are uniformly bounded, there exists a sequence 
''m — > 1 and a function ip E L^ such that u{r„i() -^ ip{() *-weakly thus weakly in LP{§''^^^). But then, 
for rC e B„ fixed, 

P„MK)= lim / Ph{r(:,Ou{rmOd<y{0 

^2 






OMOdaiO 



l>0 



= J2Mryui{0=u{rC}. 

l>0 

The proof in the case p = 1 is obtained in a similar fashion using the duality (L^, A4(S"~^)). □ 
We are now going to prove that 7i-harmonic functions have a boundary distribution if and only if 
they satisfy a given growth condition. For this, we will need the folowing lemma ( M, lemma 10). 

Lemma 3 Let F e C^ {[^ , l]) and h e C^ {[^ , l]) . Assume that 

F"{x) + -^F'(x) = 0(1 - x)-" 
1 — a; 

when X —t 1. Then 

1. Ifa>2 then F{x) = 0(1 - a;)-"+i. 

2. Jf 1 < a < 2 Then lima;_+i F{x) exists. 

We are now in position to prove 



Theorem 4 Let u he an T-C-harmonic function. Then u admits a boundary value in the sense of 
distributions if and only if there exists a constant A such that 

u(rC) = 0(l-r)-^. 
Proof. Recall that 
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D = ^—^ [(1 - r2)iV2 + (n- 2)(1 + r'')N + (1 - r^)^„] (3.1) 

Assume that Du ^ and that ««) = 0((1 - r)--^). Let Lp e C°°(§"-i) and let 



F{t) = / ^i(rC)^(C)d^(C). 
Formula (3.1) with _Du = tells us that 

(1 - r^)N^F +{n- 2)(1 + r^)NF + (1 - r^)A^F = 0. 
where A^F stands for 

A.F(r) == / A^rCMOdaiC) = [ u{rC)A*MC)d<j{C} 
with A* the adjoint operator to A^-. Recall that N ~ r-^ thus 

„2 



r'F"{r) + ^ '—A- '—rF'{r) + A„F^O (3.2) 

1 — r-^ 

Write ip — — A*i^ and T the differential operator 



2 ^2 (n-l) + {n-3y d 

1 = r \ r — 

dr"^ 1 — r^ dr 

so that equation (3.2) reads 



TF{r) = / «(rC)V'(C)da(C). 
One then immediately deduces the existence for fc = 1, 2, . . . of a function t/j^ e C°°(S"^^) such that 

T^F{r) = [ u{rC)MOd<j{0- 
But we assumed that u{r() = 0(1 — r)^"^. We thus have 

T''F{r) = 0(1 - r)-^ 
and applying lemma 3 we obtain 

T''-^F{r) =0{l-r)-^+^. 

Therefore, starting from T'^ with k = [A\ + \ and iterating the process k times, one gets that 
lim^^i F{r) exists. 

Conversely, if u admits a boundary distribution /, then u = P;i[/] i.e. u{r() =< f,¥h{rC,,.) >. 
But then / being a compactly supported distribution, it is of finite order, thus there exists fc > such 
that 

l-K)| = |< /,P.(rC,.) >| < 0||VfP.(rC,.)||^^ < (^ _ ^^„_,^, 
which gives the desired estimate. □ 



Proposition 5 Let < p < +oo and u he an H-harmonic function. Assume that 

sup / \u{r()\^da{C) < oo. 

0<r<l JS"-i 

Then, there exists a constant C such that for every a e B„, 
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\u{a)\ < 



il~\a\) — 

In particular, u has a boundary distribution f i.e. u = P/!.[/]- 
Proof. The mean value inequality implies that 



ax 



\u{a)f< ,^ , „ / Hx)\''c 

(l-|a|)"iB(a,(l-|a|)e) 

for £ small enough. But B{a, (1 - \a\)e) C {rC, : (!-£)(!- \a\) < 1 - r < (1 + e)(l - \a\)} thus 

C /■l-(l-e)(l-|a|) /• c 

(1- |a|)" yi-(i+e)(i-|a|) Js—i (l-|a|)" 



Remark : Theorem 4 is well known. It has been proved by J.B. Lewis B in the case of symmetric 
spaces of rank 1 and eigenvectors of the Laplace-Beltrami operator (for arbitrary eigenvalues) and 
further generalized by E.P. van den Ban and H. SchlichtkruU iQ. 

3.3. Distribution boundary values of 7Y-harmonic functions. 

Notation : For 1 < i, j < n, i ^ j , let Ci,j = Xi-^ — Xj-^. Then the Cij's commute and commute 
with N. Further, if u is 7i-harmonic, then Cij is also 7i-harmonic. Finally, N and {Cij}i<:i^j<:n 
generate V*^ outside a neighbourhood of the origin. 
Recall that Du = if and only if 

(1 - r^)N^u + (n - 2)(1 + r^)Nu + (1 - r^)A„u = 0. (3.3) 

Apply N''^-^ on both sides of this equality and isolate terms of order fc + 1 and k : 

(1 - r^)N''+^u - 2{k - iyN''u+{n - 2)(1 + r'^)N''u 

j=o V -^ / j=0 ^ -^ ^ 

(3.4) - (71 - 2y XI P ~ "^) 2''-^-^N^+\ - (1 - r^)N''-^A„u 

We are now in position to prove the following lemma : 



Lemma 6 Let u be an TL-harmonic function with a boundary distribution. Let Y be a product of 
operators of the form Ci,j and let X = iV'^Y. Then if k < n— 2, Xu has a distribution boundary value 
in the sense that 

lim / Xu(rC)$(C)dcr(C) 

exists for every function $ e C°°(§"^^). 

If k = n — 1, the previous integral is a O I log j^ j , in particular 

„2\ 



r^l 



lim(l - r^) / Xw(rC)$(C)dCT(C) = 0. 



S"-i 
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Remark 1 : If u has a boundary distribution, then Ciju has a boundary distribution. 



Remark 2 : As V*^ is generated outside a neighbourhood of the origin by operators of the form A^'Y 
where Y is a product of at most k — I operators of the form Ci_j, We deduce from the lemma that if 
A: < n — 2, V*^ has a boundary distribution, whereas 



V^-' u{r CMOdaiO 

has a priori logarithmic growth. 

Proof. Proceed by induction on k. Fix $ E C°°(§"^^) and let Y be a product of operators of the 

form Cij. Let 

V;fc(r) = / 7V'=Yu(rC)$(C)dcr(C); < r < 1. 



Applying Y to formula (3.4) and noticing that Y and N commute, the induction hypothesis implies 
that the function 

g{r) = (1 - r^)NMr) - 2{k - l)rVfe W + {n - 2)(1 + r^)Mr) (3.5) 

has a limit L when r — > 1. 

But, solving the differential equation (3.5), (A^ = ''^)' ^^ S^^ 

Thus , if fc < n — 1 , we obtain that ipkif) has limit „, Jl_i-, whereas if /c = n — 1 , ipkii") has logarithmic 
growth. D 



Remark : We will show at the end of this section that if n is even, A"" ^u can have a better than 
logarithmic growth, whereas if n is odd, only constant functions have a better than logarithmic growth. 



Corollary 7 Let Pk be the sequence of polynomials defined by Pq = 2{n — 1), Pi = and for 
2<k<n, 

fc-2 



P.m ^2--(>.-i)ii: ,.„:i-4:7;-_,, ^(x, 



n{j - 1) - (n-2)fc 
^.^2 21 {n - 3 - l){k - J + ly.ij - 1)! 

fc-3 , 

+ 2^-^(k - 1)! V — -— -—XPJX) + 2^-^X 

Then, for every Ti-harmonic function u having a distribution boundary value, and for every 1 < fc < 
n — 2, N^u = ^, J'"^_-^s Pfc(A(j)'u as boundary distributions, i.e. for every $ e C°°(§"~^), 

hm / (N^u{rO - L-^P,(A,)u(rC)) $(C)da(C) = 0. 

''^iJs"-! V 2(n- A:- 1) / 

Proof. For convenience, write Qk — 2(n-k-i] ^*=' As n > 3, for u 7Y-harmonic having a boundary 
distribution, formula (3.3) and lemma 6 impliy that Nu = on the boundary, thus the result for 
fc= 1. 
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Next, notice that N'^u — Qk{^a)u on the boundary hiiphes AaN^u — Ao-(5fc(Ao-)u on the bound- 
ary. 

Assume now that N^u — Qj{/S.„)u on the boundary for j < k ~ \. If fc < n — 2, lemma 6 tells us 
that (1 — r^)A^'^+^M = on the boundary and that (1 — r^)N''^^AcrU = on the boundary. Formula 
(3.4) gives then, when r ^ 1, 

(-2(fc - 1) + 2(n - 2))N''u = ^ (^ ~ ^) 2''-^-'N^+^u + J2(^^^) ^''^'^'N^^^u 

-(n-2)X:7'=Tl)2^-^-iiV^+V 
j=o V -^ / 

But, by the induction hypothesis, N^u — Qj{Aa)u and with the previous remark N^ A^u — Ac^N^u = 
A^Qj{Acr)u, therefore 

(-2(fc - 1) + 2(n - 2))N^u ^Y. (^ ^ ^) 2''"-'"'g,+2(A,)u + E (^ ~ ^) 2'--'-^A<,Q,(A,)7. 

- (n - 2) E ('^ T ^) 2'^-^-iQ,+i(A.)«. 

3=0 V -^ / 

finally, using Qq = I and Qi = and grouping terms, we get the desired result. □ 



Remark 1 : One easily sees that Pk is a polynomial of degree [|] and that for k > 2, Pk has no 
constant term. 



Remark 2 : According to corollary 7, Nu = on the boundary. On the other hand, an easy 
computation leads to DNu — — 4(n — 2)Nu i.e. Nu is an eigenvector of D for an eigenvalue of the 
form (s^ — l)(n — 1)^ (with s — ^^Ef ) thus (s + 1)^^ = n — 2 G N*. This is precisely the case where it 
is impossible to reconstruct Nu with help of a convolution by a power of the Poisson kernel (see |12] ) . 



Remark 3 : The fact that for every 7i-harmonic function u, Nu = on the boundary is in strong 
contrast with Euclidean harmonic functions. Actually, if v is an Euclidean harmonic function on B„, 
and if Nv = on the boundary, then u is a constant. 

3.4. Boundary distribution of the n — 1*'' derivative. In this section we prove that, in odd di- 
mension, normal derivatives ofTi-harmonic functions have a boundary behavior similar to the complex 
case of A4-harmonic functions as exhibited in M (with pluriharmonic functions playing the role of 
constant functions) whereas, in even dimension, the behavior is similar to the Euclidean harmonic 
case. 



Theorem 8 o Assume n is odd. 

Let u be an TL-harmonic function having a boundary distribution. The following assertions are 
equivalent : 

1. u is a constant, 

2. N'^'^u has a boundary distribution, 

3. /g„_i iV"-iu(rC)$(C)rfcr(C) = o flog -^\ for every $ e C°°(§"-i). 
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o Assume n is even, then if if e C°^{S'"'^^), Ph[f] G C°°(B„). In particular, ifu is H-harmonic 
with a boundary distribution, then for every k > 0, N^u has a boundary distribution. 

Proof, o Assume first n is odd. The implications (1) ^ (2) and (2) ^ (3) being obvious, let us 
prove (3) => (1). Theorem 1 tells us that an 7i-harmonic function u admits an expansion in spherical 
harmonics 

«K)=E/'(^'>'"'(0 (3.6) 

l>0 

where ui is a spherical harmonic of degree / and /; is the hypergeometric function 

2fi(M-f,^ + f,x) _^ r(^ + fc)r(i-§ + fc)r(/ + f)r(i) , 

Moreover the sum (3.6) converges uniformly on compact subsets of B„, in particular 

hi\\mSn-i)Mr^y ^ I uirOuiiOdaiC). 
On the other hand, if Z 7^ as n is odd, 

T{i + k)T{i - f + fc)r(; + §)r(i) _ r(/ + f )r(i) i 



'+"11 



r(z)r(i - f )r(/ + f + fc)r(i + k) T{i)r{i ~ f ) fc" 

thus the n — 2 first derivatives of Fi have a limit when x —f 1, whereas the n — 1-st derivative grows 

like log(l — x) when a; ^ 1, thus (3) implies that m; = for / 7^ 0, that is u is constant. o 

o Assume now n is even and write n = 2p. Then ii (p G C°°(S"~^), (p admits a decomposition into 

spherical harmonics if = X]/=o^ fi with ||<y5;||o2 — 0{l~°') for every a > (|1^ appendix C). But then 

+00 

1=0 

with 



^'^ ' 2Fiil,l-p,l+p,l) Til+p)T{2p-l)f^^ {l+p),j\ 



r^^'+'. 



But, for every fc > 0, 

+00 

Therefore N^{fy){l) = 0{1''+p~^). But ||^i||^ = 0(r('''+P+i)) thus '^N'' fi{r)ipi{C) converges 

;=o 

uniformly on B„ and P/, [^] G C°°(B„)- 

The fact that for u 7i-harmonic with a boundary distribution, N'^u has also a boundary distribution 
then results from the symmetry of the Poisson kernel : Vh(rC,, ^) = P;i(r^, (). □ 



Remark 1 : Normal derivatives of 7i-harmonic functions have two opposite behaviors depending on 
the dimension of B„. In odd dimension, the behavior is similar to the complex case (see 12], in this 
case, the analog of constant functions are pluriharmonic functions). 

In opposite, in even dimension, the behavior is similar to that of Euclidean harmonic functions. 
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Remark 2 : The similarity with the EucHdean case can be seen in a different way. In iQ, the 
foUowing hnk between Euchdean harmonic functions and 7i-harmonic functions has been proved : 



Lemma 9 For every TL-harmonic function u, there exists a unique Euclidean harmonic function v 
such that u(0) = and : 

u{rO = u{0) + r v{rtC)[{l - t){l - tr')]^-'^ 
Jo '■ 

for every < r < 1 and every ( g S"^^. 

Moreover, let / = X); "' i^ the spherical harmonics expansion of / e L^(§"^^) and ii g = 
Sj r(»-i)r^iV '' ^^^^ lemma 9 links u = P/J/] to w = Pe[g]. 

But, if / = E( ^i/ e C°°(§"-i) and g = E, ff- 1)7(1) "' ■ Then, as \\ui\\^ = 0(r") for every a > 0, 

g G c°° (§"-!) thus V = Pe[g] e c°°(i;;;). 

Moreover, if n is even (1 — tr"^)^^^ is a polynomial and is therefore C°°, we then find again that 

In opposite, if n is odd, we find again the n — 1 obstacle since the highest order term of (1 — 
i)f-iAr'=(i_ir2)t-i is 

(1 - t)^-i(l - fr2)t-i-'= ~ (1 - f)"-2-fc 
when r — > 1, and since (1 — i)"-2-A; jg ^^^ integrable for fc > n — 1. 

4. Atomic decomposition of W spaces 



In this section we prove that TiP spaces admit an atomic decomposition. In 4.2 we define Tiat 
and show that this space is included in TL^ . Conversely, we have seen in the previous chapter that 
Ti-harmonic functions in Ti^ are obtained by Ti-Poisson integration of distributions on §"~^, thus 
they are extensions of distributions from §"^^ to B„. An other mean to extend a distribution on 
S"~^ to B„ is integration with respect to the Euclidean Poisson kernel. In 4.1 we study the links 



between this two extensions, which allows us in [4.3| to obtain the inclusion Ti^ C Ti^t from the atomic 
decomposition of Rp spaces of Euclidean harmonic functions. 

4.1. Links between Euclidean harmonic functions and Ti-harmonic functions. We will now 
prove a "converse" to lemma 9. 



Lemma 10 There exists a function rj : [0, 1] x [0, 1] i-^ M+ such that 

ii: there exists a constant C such that for every r G [0, 1], /„ ri{r, p)dp < C. 

Proof. Note that — ^-^ — Cn fn°° rrr^^TJr^^'^-^^- Writing X — 2(1— < C, C >)i with an obvious abuse 
of language, we then get 



.ir,X) = 




The following change of variable z = - — — -^^ — = -^^ — — — ^-^, leads to 
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[(r-p)(l-pr)]*-2 l-p\ 




l-r-^ r [{r-p){l-prp-\l-p^) ^ 
l-r2 



2„;i-l, 



c„ / ¥u{p.X){l - py--[{r - p){l - pr)^-' p^-'dp 



=c„(l-r2) / P;,(rs,X)(l-r2,s2)2-"[(l-s)(l-sr 

"'0 



2M*"'st-i(is 



We thus obtain «/ with 



?7(r, s) = c„(l - r^)(l - r^ s^f-'' [(1 - .s)(l - sr^)\ ^ ^s*-^ 
Of course ?7 > and one easily checks that /g ?7(r, s)(is < C, since n > 3. 



D 



Corollary 11 Let rj be the function deGned by lemma 10. Let f be a distribution on S" ^ and let 

u = ¥h [f] and v = ¥e [f] ■ Then u and v are linked by 



^(^C) = / rj{r,s)u{rsC,)ds. 



In particular, if u E H^ , then v E _ffP(B„) and \\v\\fjp,^ -, < C||m||^p 



4.2. The inclusion HL C HP. 



Definition A function a on§" ^ is called a p-atoni on S" ^ if cither a is a constant or a is supported 
in a ball -B('foj^o) 3,nd if 



1: |a(C)|<a B{(o,ro) 



, for almost every ^ e S" , 



2: for every function $ e C°°(S" ^), 



a{OHOd<y{0 



< 



V''(P)cf) 



fc(p) 

i~(B(Co,ro)) 



mo,ro] 



with k{p) an integer strictly bigger than (n — 1) I - 



-1 



Proposition 12 There exists a constant Cp such that, for every p-atom a onS" ^, A = Fh[a] satisfies 



l^llwP(B„) — ^P- 



Proof. Let a be a p-atoni on §" ^, with support in i?(^0: ^o)- We want to estimate 
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sup 

S"-i tG[0,l] 



B(«o,ro) 



sup 

B(io,cro) te[0.1] 



VH{K,0a{0d<y{0 



daiO 



mtCOaiOdaiO 



Biio.ro) 



daiO 



sup 

S"-i\B(Co,cro) te[0,l] JB(io.ro) 
-/l + h 

with c > 1 a constant. But, by Holder's inequality, 



h = I sup |P,4a](iC)rdff(C) < c'j{B{^o,cro)) 

iB(io.cro) te[as] 



niK.OaiOd^iO 



daiO 



sup \Vh[a]{tC)rda{0 

B(io.cro)te[0,l] 



since Ffi is bounded L'^{S"^^) h^ 7i^(B„). Using property (1) of atoms, we see that 

1-2 



/i <c 



a(B(eo,cro)) 



<C„ 



a{B{Co,ro)) J 
Let us now estimate J2. Using property (2) of atoms, we have, for ( E S"^^ \ B{£_o, erg) 



L 



MtCO^iOdaiO 



Biio,ro) 



<r: 



pk(p) 



V,^(^)p,(iC,a ' a(B(eo,ro))^-' 



j>Hp) 



<Cprr^^(l-t^r-^x sup 



ees 



(e;.o)<C,0^("+'=(^)-^' 



^^-— y^(B(Co,ro)) 



p-i 



thus 



\P-i 



/2<Cprg''^^V(i?(eo,ro))- / sup 

/S"-i\B(Co,cro)4eB 






„pfe(p)„("-l)(p-l) 



'0 

since p(n + k{p) - 1) > n - 1 i.e. fc(p) > (n - 1) f i - 1 j. Thus h < Cp. 



a 



Remark 1 : Condition (2) implies with $ = 1 that 

aiOdcriO = 0. 



Remark 2 : Condition (2) is equivalent to the a priori weaker condition 
2': For every spherical harmonic P of degree < k{p), 



S"-i 



aiOPiOd^iO 



< 



yk{p)p 



kip) 
( - ^^o o- 

i°°(B(eo,ro)) 



m^M 



1-i 
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Proof. Assume this condition is fulfilled and let $ G C°°(S" ^). There exists P, a linear combination 
of spherical harmonics of degree < k{p) and R £ C°°(§"^^) such that 

1. $ = P + i?, 



^•"|^iIl-(b(,o.„))^^^'^o''^II^''''^'^I 



L-° {Biio.ro)] 



Then 



a(0*(Orf<^(0 



< 



S"-i 



a(OP(0'^^(e) 



a(0i?(0rf<^(0 



<C. 



<c 



Mp) 



<j{B{^o,ro)) 



all /-. s\ll-R|l /'-. Acr(B(£o,ro)) 



V'^^P)*!) 



,fc(p) 



i'^(S(4o,'-o)l 



<j{B{^o,ro)) 



We could also impose the following weaker condition 
3: For every spherical harmonic P of degree < k{p), 



= 0. 



We would than obtain a stronger atomic decomposition theorem. However this version is sufficient 
for our needs. It is also more intrinsic, the estimates we impose are directly those that are needed in 
the proof and finally it allows us to stay near to the proof in B . 



Definition A function A on B„ is called an Ti^-atom 021 B„ if there exists a p-atom a on S" ^ such 
that A = Fh[a]. 

We define H^t(B„) as the space of distributions u on B„ such that there exists : 

1. a sequence of Tip-atoms [Aj)"^^ on B„, 

2. a sequence {Xj)^^ G P such that 



with uniform convergence on compact subsets of B„ 
We write 



(4.1) 



ll"ll«5:. = i^M El^^-I' 



where the inhmum is taken over all decompositions of u of the form (4.1). 



Proposition 13 For < p < I, 7i^((B„) C 7i^(B„) there exists a constant Cp such that for every 

\\u\\hp < Cp\\u\\^p^. 
Proof. It is mutatis mutandis the proof of theorem 2.2 in H. 
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Let e > and let u — X^^i ^j-^j be a function in Ti^^ and take an atomic decomposition such that 
Property 2 of atoms implies that 






[B(io,ro)) 



< 



(1- \x\)''p.' 



the series J27Li AjV'^^j(x) converge uniformly on every compact subset of B„, thus J27Li ^j^ji^) 
defines an 7i-harmonic function on ]B„. 
Moreover 



i=i 



i=i 



Therefore 



sup 

S"-i 0<r<l 



j=i 



daiO < 



sup £|A,nA,(rC)rda(C) 



-1 0<r<l 



i=i 



<il+erCP\\u\\ 



ni 



which means that ||m||^p < C||ii||?Lp 



D 



4.3. The inclusion TiP C Ti-^at- We will here use the fact that the space _ffP(B„) of Euclidean harmonic 
functions v such that A^[w] € L^(§"~^) admits an atomic decomposition i.e. that for every function 
V S H^, there exists a sequence {\k)ken & (-^ and a sequence (afe)fcgN of p-atoms on §"~-^ such that 



^K) = E^^^-["'^-]«) 



(4.2) 



fceN 



and moreover 



HP 



Ei^-^i' 



\k& 



This result is well known, however it seems difficult to find an adequate reference. One may for 
instance adapt the proof of Garnett and Latter |g] as outlined in g] . 

Let u £ TL^ , then u admits a boundary distribution / and u — Ph[/]. Then let v = Pe[/]- By lemma 
10, V G H^{Mn) thus V admits an atomic decomposition i.e. there exists a sequence {\k)kGn G ^^ and 
a sequence {ak)ke.n of p-atoms on S"~^ such that v is given by (4.2), thus 



/ — 2_^ Xkttk 
fc=0 

in the sense of distribution. Therefore u = Ph[J2 Afcflfc] = J2 AfcP/i[a/c], the series being convergent in 
Ti,^ by proposition 13. We have thus proved the following theorem : 
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Theorem 14 For every < p < 1, H^ — H^^ and the norms are equivalent. 
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